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ABSTRACT 
It is shown that the set fl,(&) of n x n doubly stochastic matrices with 
prescribed zeros in positions (1, l), (2, 2), . e . , (k, k i is not barycentric for k 2 2 and 
for any n, except possibly for less than k2 + k values for n. In particular, it is shown 
that the sets fl,(Z,) and &#LJ are not barycentric for any n 2 3 and n 1 4, 
respectively. The minimum value for the permanent function on the set sZ,(Z,) is 
determined for all n, under the assumption that the minimum is achieved on a 
symmetric matrix in the set. 
1. INTRODUCTION 
Let Cl, denote the set of n A r, &mbly stochastic matrices. 
and Falikman [3] determin 
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prescribed zeros in t agonal, k ‘2 3, t ere always exists a symmetric 
ma with minimum permanent. 
nonnegative n X n pa&y dxomposable if it contains 
an s X (n - s) zero su atrix. Otherwise it is fully indecomposable. If 
j,), (i,, j,), . . . , j,)] is a subset of (I, 2, . D . , n) X (1, 2, . . . , n), 
(2) denotes the set of all n X n doubly stochastic matrices with 
zeros in positions (it, j,) E Z, E = P, 2, . . . , k. In particular, let 2, denote the 
set ((1, 0, (2, 3, l . 
A matrix A E (2) is called ( permanent) minimizing in a,,(Z) if 
per A s per S for all “S E n,(Z). Let C be the n X n (0, I)-matrix with O’s 
in positions Z and I’s elsewhere. If C is fully indecomposable, we define the 
baycenter of a,(%) as the matrix B = (bij) E Q,(Z), where 
bij = 
per C( i lj) 
per C 
for all (i, j) cf 2. If the barycenter of n,(Z) is a minimizing matrix, then the 
(Z) is said to be baycenttic. For example, the face &$Z,) is 
I;tric (see also 111). We show that neither &,(ZJ &jZ,) is 
barycentric, and that in general, for a fixed k 2 2, the set (2,) is not 
barycentric, except possibly for less than 2 k2 + k values of n. We also find 
the minimum permanent in 0,&Z,) under the assumption that the minimum 
does occur for a symmetric matrix. 
9 
‘A. ESULTS 
Let Z denote any set of prescribed positions in an n x n matrix, and let 
$2) be, as before, the set of e X n doubly stochastic matrices with 
prescribed zeros in positions Z. We shall require the following known results 
if31 . 
ntains a fully decomposable matrix, then every 
is fully indecomposable. 
s a fully indecomposable mutrix. 
CO, then ahk > 0 implies that 
ains a fully in& owble muttix. 
per A for all 
ows p 
(p,j)EZ 
pattern are 
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and y of a matrix in (Z) are said to have the same 
implies that (9, j) E Z”a*d vice versa. Columns with t 
defined similarly. 
4. L& A be a minimizing matrix in .(Z). If certain r0w.s 
have the same Z pattern, then the matrix obtained from 
of these rows with their average is also minimizing in 
result holds f or columns of _A with the same Z pattern. 
THEOREM 1. The set n,,(Z,) is not baycentric for n >= 3. The set 
&$Z,) is not baycentric for n 2 4. 
Proof. The barvcenter of Q&Z,) is the matrix 
B 2,n = 
‘0 y ar a! 
y 0 a! a 
a a! P P 
a a P P 
. . . . . . . . . . . 
a a! P P 
a! = a/d, P = b/d, 
. . . a! 
.a. a! 
. . . P 
. . . P > 
. . . 
. . . P 
Y = c/d, 
with 
a = ( n - 2)“, b = n2 - Sn + 7, 
(1) 
C = ( n- I)( n-2), d=(n-2)(n2-3n+3). 
If B2n were a minimizing matrix, then by Lemma 2 it would have to 
satisfy inter alia 
per B2_,,( 1 I 2) = 
Now, for re 2 4, 
perB2,n(1 [ 2) = (n - 2)! 
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at is, 
a - b)bc + [(n - 3)a - (n - 2)b]a2 = 0. 
Substituting in the above equ atkm the values in (l), we obtain 
( n- 2x -n3 $_ 6n2 - lln + 5) = 0, 
which clearly has no real integer roots n 2 4. 
If n = 3, then (2) becomes 
my - py - a2 = 0, 
which fails to hold for cy = JS = 6 and y = i. 
that the set &!I,) is not barycentric for n >= 5. The 
3,n = 
. . . 
. . . 
. . . 
. . . 
. . . 
. . . 
where 
( n - 3)!(n2 - 5n + 7) 
a! = 
n - 3)!( n3 - 6n” + 14n - 13) ’ 
(3) 
at is, ep[ = a/d, 
a = ( n- W n2 - 5n + 7), 
b =n 3 - 9n2 + 29n - 34, 
2 
c = ( n- 2) ( n-q, 
d = (n - 3)(n” - 6n2 + Mn - 
The barycenter B, tl , is a minimizing matrix only if a, P, 7 satisfjr 
that is, 
perB,.(l In) = per&(1 12). 
1 . 
a[3P2y2 + 4(n - 4)m2py+ (n - 4)(n - 5)a4] 
= p[fi2y2 + 3(n - 3)cu2py + (n - 3)(n - 4)a4;, 
or 
(3 a! - pgP2y2 + [4(n - 4)cr - 3(n - 3)p]cu2fiy 
+(n - 4)[(n - 5)a! - (n - 3)p]cu4 = 0. (5) 
Since the left side of (5) is homogeneous in a, & 7, the equation must 
satisfied if cy, P, y are replaced by a, b, c, respectively. Thus the barycenter 
B, n is minimizing only if , 
(3 a- b)b2c2 + [4(n - 4)a - 3(n - 3)b 
Substituting the values of a, b, c from (4) in the le 
obtain after simplification 
e of , we 
4 - 
e only real integer root of 
entrac for 12 2 5. 
the equation. It 
e barycenter B, 4 of 4%) is not a . 
For k 2 4 a similar method can be used to show that &$?&) is not 
barycentric, but the calculations become prohibitively complicated. However, 
e&n for such cases we can deduce the following weaker result. 
THEOREM 2. For a fixed k 2 2, the set fl,(&) is not baycentric fur 
any n, except possibly for at most 2k2 + k - 1 values of n. 
Proof. Let C, m denote the m X m (0, 1) = matrix with O’s in positions 
Zr, and l’s elsewhekeU Then 
per Ch,m = (m - h)! (;)(r;t 1; jperb,h 
= m - h)!ph(m), ( 
where p,(m) is ;;f, polynomia1 in m of degree h. 
The barycenter of 0,(Z,) is the matrix 
Bk,n = 
Yck,k %/k.n -k 1 %fn-k,k @./n-k,n-k ’ 
where 
Per Ck-l,n-1 
a 
Per Ck.n-l = P 
Per%-&,n-1 
= Per ck,, ’ 
Y = 
Per ck,n ’ per ck,n ’ 
and JP 4 denotes the p X q matrix of 1’s. Thus * 
( n - k)!Pk-dn) ( 
a 
f’z - k - l)!qk(n) 
= = 
4 n-k)! 
7 
( n - k)~pk(~) ’ 
where p&d and qJs2) are pslynsrnials in to of degree k, whereas pk _ ,(n) 
and pk_ ,(n) are polynomials in n of degrees k - 1 and k - 2, respective 
Let 
a = ( n - k)pk(n)a = (n - k)pk-l(n), 
b = (n - k)pk(n)p = qk(n)y 
c = f . n - k)pk(n)y= (n - k)(n -k + i)pk_2(n). 
It follows that a, b, c are polynomials in n of degree k. 
The barycenter Bk,, is minimizing in fin(&) only if 
per&# i 2) = per&# 1 n). 
(7) 
(8) 
Assume that n 2 Zk. Then 
k-l 
per &_( 1 1 2) = (n - k)!pn-“k+l a2ipk-i-lyk-i-1, 
i= 0 
k-l 
per Bk,n( 1 1 n) = (n - k)!apnd2” n - k - 1 cPipk+-lyk+l, 
0 
i I j = I 
where the si and ti are coefficients independent of n. The condition ( 
Now, the left-hand side of (9) is homogeneous in QI, P, 7, and t 
formulas (7) and equation (9) imply that 
where the binomial coefficients 
n-k 
i 
a 
e polynomials a, b, c are of 
ial on the left-hand side of 
(k - 1) + k + 2(k - 1)k = 2k2 - 1, 
and equation (1 1 cannot have more than 2 k2 - 1 solutions for n. The above 
computation does not give any information about the k values of n for which 
ksns2n- 1. We can only conclude therefore that the total number of 
values of n for which &$Zk) may be barycentric cannot exceed 
(2k 2 -l)+k= zk2 -t- k - 1. 
THEOEEM 3. If the permanent function on fi,$!,) attains its minimum 
at iz symmetric matrix, then the minimum permanent ~CJ equal to the perma- 
nent of the matrix 
0 y y a! a l ** a 
y 0 y a a -* a! 
y y 0 a! a! **- Q! 
a a a P P l ‘* P 
a a a! P P -*’ P 
. . . . . . . . . . . . . . . . . 
a a! of P . . . P 
where cv, /ii, y are positive real numbers satisfying 
and 
(3 of- 4(n - 4)a - 3(n - 3)p]u2jSy 
(n - 5)ar - (n - 3)/3]a4 = 0. 
The mi~~rnurn permanent is then equal to 
(11) 
n- 
+ %)Y 
cq= n ( - 3)4(4n2 - 10n + 3), 
CCJ = -2(t2 - 3)2(8n3 - 53n2 + 84n - 18), 
c2 = 3(8n4 - 86n3 + 309n2 - 414n + 162), 
Cl = -2(n - 3)(8n2 - 47n + 42), 
co = 4(n - 3)(n - 4). 
Proof. Given a symmetric minimizing matrix in (Z), we can apply the 
result in Lemma 4 to the last n - 3 rows and to the Lst n - 3 columns of 
the matrix to obtain a minimizing matrix of the form 
A= 
I 
0 Yl Y2 a3 a3 l ** a3 
71 0 73 a!2 a2 l ** a2 
72 Y3 0 q cy1 l *- q 
a3 a2 QIl P P l -• P 
a3 a2 a1 P P l ** P 
. . . . . . 
. . . * . 
. . . . . . 
a3 a2 al s P 
. . . 
P 
where the q, the y;, and fl are nonnegative numbers satisfjdn . 
y1 -I- yg + (n - 3 
(12) 
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We consider first the case where the q, the Ye, and are all positive, and we 
assume that r;l 2 6. We compute 
= (n - 3)!/P5[ P2Y& +” (n - 3)tq PK 
+(a - 3)(n - 4)t+@J, (14) 
perA(l 13) = (n - 3)!P”-‘f P%Yj + (n - 3)a2PK 
+(n - 3)(?2 - 4)a&x3], (15) 
per A(2 13) = (n - 3)V5[ PizrtYz + (fi - 3)a,m 
+(n - 3)(n - 4)a,a,a,2], (16) 
Wha=-~ K = qy, + Qqz + a$y3* 
By Lemma 2, permanental cofactors of positive entries are equal all to the 
permanent of the minimizing matrix. Now, the equalities per A(1 I 2) = 
per A(I I 31, per A(1 I 2) = per A(2 I 31, and per A(1 I 3) = per A(2 I 31, to- 
gether with (131, imply respectively: 
(?I - r3>[ P”r, - PK - (n - 4)cu,a,a,] = O, w 
(Yz - 7’3)[ P29’l - PK - (n -- +#$a,] = 0. (19) 
We assert that y1 = yz = y3 and cyl = a2 = CY~” If it were not the case, 
then at least two of the ‘yj - JQ, i < j, would be nonzero. Suppose then that 
y1 # y3 and yz f y3. Then, by (18) and (19), 
p2y2 - ,6K - (a - 4)cW,cW,a, = p”r, - PK - (?I - ‘+t,a,i+ 
lies that y1 = ye, and thus also q = ~11~. 
Now, per A(1 I n) = per A(2 1 n), by Lemma 2, and 
perA(I 1 fi) = (n - 3)!/3”-“[ P2y3K + (n - +!,CE,fiK 
per A(2 I n) = (n - 3)!/iInn-’ P2y2K + (t2 - 4)a,cu,p 
143 INVI P~R~A~~N~~ 
Th, using C20), (219, and (139, we have 
(Yx - Y3) P2K - +Q, + (n - 4)a,a,ar,p 
( n 
( n- 4)( n - 5) - 
n-3 (22) 
Since yz and y3 are assumed to be unequal, equation (22) yields 
p[ PK + (n - 4)Oyx,a3] - +aJ /3K + (n 
n 
- 5)a,a,a,] = 0, 
and it follows that 
PK + (n - 4)cr,a2ag - !&-$q~ > 0. 
n ( 3) 
2 
From (19) and (23) we have 
n -4 
= 
--“1Gw1 + Qyy2 + n -3 
n -4 
>2- 
rl -3 +I 
9 4Yll 
since n 9 5. ence 
9 q. 
Wd 
I46 
n-5 
= ( n - 4)a,a2a3 p---yp >o 
n 1 
and 
n -4 n -4 
P 2K --acu,PK= K -- > 0. 
n -3 p k n _ 3Q1 1 
It follows that the left-hand side of (22) cannot vanish. This contradiction 
shows that y: = ‘y2 = y3 and cyl = cy2 = cys. 
We can con&de that if a minimizing matrix A of form (12) has no zero 
entries, other than those in positions of Z,, then A must be of form (11). Set 
Y1 = Y2 = Y3 =Y Nd cY1=(v2=(Y3=cY. (25) 
Since A is doubly stochastic, we must have 
2y+ (n -3)a=3a+ (n -3)p= 1. (26) 
Also, since per A(1 I n) = per A(1 I 2), we obtain from (201, (141, and (25) 
the relation 
3p2y2 + 4(n - 4)a2py + (n - 4)( n - 5)(u4] 
2y2 + 3(n - 3)a2,By+ (n - 3)(n - 4)a4]. (27) 
quations (26) and (27) fully determine cy , P, and y. 
To find the value of the permanent of A we use Lemma 2 again, and 
obtain from (14) 
2y2 + 3(n - 3)a2py+ (n - 3)(n - 4)a4]. 
stituting for a an y from (26), we obtain after some sim 
formula 
c4 = (n - 3j4(4n2 - 10n -I- 3), cg = -2(n - 3)2( 
84n - 18), c2 = 3(8n4 - 86n3 -I- 309n2 - 414n + 
&a2 - 41rz -!- ?Fd), co = 4( n - 3 n - 4), ani: t 
culated from (26) and (27). 
We now examine the possibility of a minimizin 
having zero entries other than the prescribed zeros in 
and (3, 3). We show that the stence of such mi 
contradict either Lemma 2 or mma 3. Since a mi 
by Lemma 1, fully indecomposable, we need not 
(Yr = A!2 = a3 = 0 or, for n 2 6, of fi = 0. In 
below, A denotes a minimizing matrix of form (12). 
Case II. Two of the cy, are zero: LU~ = a!3 = 0, say. Clearly y2 = y3: 
and, by Lemma 1, neither cyr nor any of the yi can be zero. have 
perA(1 12) = (n - 3)!p”-4[ /3y; + (n - 3)a,2y, 
and 
perA(1 13) = (n - 3)!pnq3y,y2. 
Since these must be equal, by Lemma 2, we have 
Pr,” + (n - 3)4y, = PYlY2* 
Therefore 
PY,” < PYlY2 P 
and we can conclude that y2 < yl. 
Now, 
perA(3 I n) = (n - 3)! 
whereas 
Since y2 < yl, it follows that 
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ence, if two of the 
say; which imp 
tries of A are nonzero, 
perA(2In) =(n - 3)W-4r&W9 + W,) 
and 
perA(3 I n) = (n - 3)!P”-4r,(Q1Y1 + w,) 
are equal. It follows that y1 = yz, and thus (Ye = cyz. 
First assume that y? # 0. Then since the (1,2) and the (2,3) entries of A - -L. 
are both nonzero, the corresponding perrnanental cofactors, 
per A(P 12j = (n - 3jip”-4[ /3y1y3 + 2(~9 - 3)&], 
per A(2 13) = (n - 3)!p”-3rf, 
are equal. Hence 
Pr 12 = PYIY3 + 2( n - 3)+5, 
that is, 
Prl = PY3 + 2tn - 3) 4 
hus by (28), 
> py3 + (n - 4)6x,2. (28) 
= 2(n - 3)!a, jZT5yl[ By3 + (n - 4)a,2 
= per A(3 I n). 
er A(3 I n) = per a 2, and it follows t 
sc2ka a 3. izin . 
hen y, = y2 
try in position i2, 
enee /3 < 2~9. 
n), and therefore by 
per A = per A(2 I n) 
=2(n- 3)!a!, jr4y; 
> (n - 3)!pnm3yF. 
However, this would imply that 
per A(2 13) = (n - 3)!/3n-3$ 
< per A, 
which, by Lemma 3, is not possible. Thus A cannot be a minimizing matrix if . 
a!3 = y3 = 0. 
The foregoing discussion shows that there cannot be a minimizing matrix 
in form (12) with any of the cy, equal to zero. enceforth we assume that 
Cyi # 0, i = 1, 2, 3. 
Case 3. Qdy one? of the yi is zero: y3 = 0, y1 f 0, y2 + 0. We have 
per A(1 12) = (n - 3)!(n - 3)a,pnB5 
‘[ P@lYl + %YZ) + tn - 4)cu,cu,a3]~ 
perA(1 13) = (n - 3)!(n - 3)a,finS5 
n - (n - 6 -f- 4y) 
=n - 2(n - l)Y 
>n- n- ( 1) 
= 1, 
since ohious~y 2y < 1. Thus 
2a - p > 0. (30) 
The (1, 2) exrtr)l of A is positive, and therefore 
per A = per A(1 1 2) = (n - 3)!( n - 3)p”_5[2~2,By + (n - 4)(u3a3]. 
Also, 
per A(2 I 3) = (n p2y2 + 2(n - 3)aw,& 
+(n - 3)(n - 4)a2a,?j. 
ewe, using (29) an GO), we can deduce that 
per A - per 13) 
= 
( n -3 n-5[2( n - 3)( cv - Qf3)lypy 
+(n - 3)(n - 4)(a - ckf3)cx2Q3 - p2y2 
= c n -3 “-“r[(z(l: - yf (n -4) 
tion that A is minimizing, 
perA(1 13) = (n - 3)!(n - 3)fY?a,a, 
and therefore 
perA - perA(1 f 3) 
= 
( ?2 - 3)!(n - 3)p”-5 a& 
which is positive because 
1 
a!1 - a2 = - - 
n-3 
But this contradicts Lemma 3, since 
cannot be minim~ng. 
Crtse 5. A~~ tares yi are zeros: 
1 - Yl Yl 
_3=n-3> n 
(I, 3) does not belong to I?&. 
Yl 7, 9% = Y3 = 0. en all = a2 = 
Q. 3 
= 1,/($-J - 3), al&J i_n = (r? - @/(n = 3y. vve ei;mpute easiny 
perA = (n - 3)!(n - 3)(n - 4)(n - 5)afP”-6, 
per A(I 12) = (n - 3)!(n - 3)(n - 4)af/Ye5. 
perA -perA(l f 2) 
= ( n - 3)!(n - 3)(n - 4)a,463”-“[(n - 5)aF - 
= ( n - 3)~(~ - 3) n- 6 
e case n = 
Iy of a minimizing matrix in form 
2y+(n-3)a!=3a+(n-3)p=l, (31) 
and 
(3 a - p)py2 + [4(n - 4)ar - 3(n - 3)p]a2py 
+(n - 4)[(n - 5)a. - (n - 3)p]a4 = 0. b” (3J) 
Eliminatk~g p and pl between (31) and (X9, we obtain after some simplifica- 
tion, 
d,(u5 + d,a* + &a3 + d2a2 + d,a + d, = 0, (33) 
where 
d5 = 4n5 - 36n4 + 125n3 - 234n” + 297n - 216, 
d, = -8n4 t- 22n3 + 123n2 - 522n + 513, 
d, = 17n3 - Bon2 + 102n - 18, 
d, = - 13n’ -I- 42n - 36, 
d, = 5n - 6, 
d, = -1. 
uation (33) has no rational roots in the interval 
t the coefficients in equation (33) are integers and 
ven n, a root QI of (33) is rational only if l/a is an 
rted by the data in 1. For 6 s n 5 16, 
able 1). For n = 5, 
ver, if a = $ then 
n k a l/a 
5 3 0.22142919 
6 3 0.13568451 
7 3 0.10577919 
8 3 0.08709786 
9 3 0.07411046 
10 3 0.06451881 
11 3 0.05713446 
12 3 0.05127055 
13 3 0.04649996 
14 3 0.04254239 
15 3 0.03920605 
16 3 0.03635517 
4.516116 
7.370038 
13.493371 
15.499355 
17.502572 
19.504374 
21.505394 
23.505966 
25.506267 
27.506404 
It is known [6] that Cl,@,) has a minimizing symmetric matrix 
where a! is the real root in the interval (0, l/(n - 2)) of the equation 
( n- 2)( n2 - n + 2)x3 - 2n( n - 1)x2 + 2nx - 1 = 0, 
and p, y are given by 
gain, we conjecture 
conjecture is supporte 
and y ) is irration 
2 
0~30343509 3.295598 
0.23614850 4.234624 
0.19259869 5.192143 
~.~6228209 6.162109 
~.14~5642 7.139979 
0.12310620 8.123068 
0.10977248 9.109751 
0.09901963 10.099007 
0.090~7000 11.090163 
0.08276256 12.082758 
0.07647324 13.076469 
0.07106782 14.071066 
Of course, all entries in the barycenter of C&(Zk) are rational, for all n 
and all k, and therefore Conjecture 1 implies the following. 
~O~JECT~~E 2. The set ~~(~~) is not barycentric for 2 5 k 5 n - 2. 
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